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ABSTRACT

Some Morera and mean-value type theorems are proved in the hyperbolic
disk.

1. Statement of problems and results

1.1 In [BZ2] a general Pompeiu transform was introduced as follows. Let X be
a locally compact topological space, G a topological group acting continuously
and transitively on X, and y a Radon measure on X which is invariant under G.
For a fixed compact K C X one defines the Pompeiu transform P = Py by

P: C(X) — C(G)

Pf(o) = (K)fdp.
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Note that the invariance of u implies that Pf(0) = [, (f o o) dp. The problem
posed is to decide whether K has the Pompeiu property, i.e., whether P is
injective.

A typical example is that of X = C, G = M(2), the group of holomorphic
rigid motions of the plane, 4 = m, the Lebesgue measure, and K, the closure of
a Jordan domain .

Assuming that 2 is a Lipschitz domain (in particular, 3Q has no cusps), we can
also consider whether I' = 99 has the (global) Morera property, i.e., whether
any f € C(C) that satisfies

/ f(z)dz =0, for every o € G,
o(T)

is necessarily an entire function. It is easy to see that it is enough to consider
functions f € C*(C). Then, by Stokes’ theorem, the above condition is equivalent
to

/ 6—{d§/\dz:2i/ %dmzo, for every o € G.
o(K) 9z a(K) 9z

So that, in this situation, the Morera and Pompeiu properties are equivalent.
These problems have led to a considerable amount of research, and we refer the
reader to [Z] for an account of it. For instance, one can prove that if I' is a
triangle (or any Lipschitz Jordan curve that is not real analytic) then it has the
Morera property.

A priori, it would seem that the set up we have just stated is the only reasonable
one to obtain interesting results, but it turns out that there are natural questions
where it is not true that the whole group G operates on X, only a neighborhood
of the identity, or the measure p cannot be taken to be invariant. For instance,
in [BG] the local Morera problem was considered and it was shown that, given
a Jordan curve I' with the global Morera property and such that it is contained
in the open disk D(0,1/2) of center 0 and radius 1/2, then any function f €
C(D(0,1)) which satisfies

/ f(z)dz =0, for every o € M(2), o(I") C D(0,1),
a(T)

is holomorphic on D(0,1). Clearly, only a neighborhood of the identity of M(2)
operates on X = D(0,1). On the other hand, as explained above, we can still
couch this problem in terms of the Pompeiu problem with an invariant measure.
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In this paper we consider several instances where the measure cannot be taken
invariant.

1.2 Let D be the unit disk in the complex plane, and let M be the Mobius
group of conformal automorphisms of D.

Let T be a piecewise-C! Jordan curve in D. If f is a holomorphic function on
D then, for every o € M, f oo is holomorphic too, and by Cauchy’s theorem we
have

(1.1) /(foa)(z)dz:O, for every o € M.
r

Our first goal is to investigate the converse result or Morera problem:

When is it true that every f € C(D) satisfying (1.1) is necessarily holomorphic
on D?
Observe that the measure dz,r is not invariant under the action of M, and there
is no way to formulate this problem using invariant measures.

We denote, as usual, D{c, R) the open Euclidean disk in C centered at ¢ € C
with radius R > 0. If T is a circle, i.e., I' = 8D(c, R), the above problem is

completely solved by means the following circular Morera theorem:

THEOREM 1: Let D = D(c,R) CC D. Assume that a function f € C(D)
satisfies

(1.2) /{;D(f og)(z)dz =0, for every o € M.

(a) If ¢ # 0 then f is holomorphic on D.

(b) If ¢ = 0 there are nonconstant radial real analytic (so nonholomorphic)
functions on D satisfying (1.2). But if f € C(D) verifies (1.2) for a family
of circles 0D(0, R;), j € J, such that the equations

1+ R?
(1.3) P! (—i> =0 (jeJ)
1-R?

have no common solution z € C, then f is holomorphic on D.

Here we denote P¥

', as usual, the associated Legendre functions of the first
kind.

Remarks: (a) The result of part (b) is sharp in the sense that if the radii r;,
j € J, do not satisfy the stated condition then there are nonconstant radial real
analytic (so nonholomorphic) functions verifying (1.2) for the circles 8D(0, R;),
JEeJ.
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(b) When ¢ = 0 only two radii R;, R are sufficient to imply the holomorphy of
f. In fact, using the classical theory of selfadjoint ordinary differential operators
(see [LS]) it is possible to show that the family of pairs of radii R;, R, failing
the condition stated in part b) above has measure zero in the unit square.

For general curves I' we obtain the following “general” Morera theorem:

THEOREM 2: Let Q CC D be a Jordan domain of class C?<, for some0 < ¢ < 1.
Suppose that the Jordan curve I' = 0X2 is not real analytic. Assume f € C(D)
satisfies

(1.4) /r(f oo)(z)dz =0, for every o0 € M.

Then f is holomorphic on D.

In order to compare the above results with some previous ones, we recall the
invariant version of the Morera problem we have posed. It consists of deciding
whether every f € C(D) which verifies

(1.5) ( )f(z) dz =0, for every o € M,
o(T
is holomorphic on D.

An argument similar to the one we made in 1.1 for the Euclidean case shows
that the above problem is equivalent to the Pompeiu problem in the hyperbolic
disk. (Here the Radon measure involved is the hyperbolic invariant measure
du(z) = dm(z)/(1 - |2[*)%.)

When T is a circle the invariant problem was completely solved by the following

result due to Berenstein and Zalcman:

THEOREM 3 ([BZ1, p. 125-6]):
(a) Let D = D(0,R), 0 < R < 1. Then there are nonconstant radial real
analytic (so nonholomorphic) functions on D satisfying (1.5) withT = dD.
(b) If f € C(D) verifies (1.5) for I' running on a family of circles D(0, R;),
j € J, such that the equations (1.3) have no common solution z € C, then
f is holomorphic on D.

The remarks to Theorem 1 are also valid for Theorem 3.

Note that in Theorem 1, in case ¢ # 0, the hypothesis always implies the
holomorphy of the function. In other words, there are no exceptional radii and
we have a one-radius theorem, in contrast with Theorem 3 and the case ¢ = 0
of Theorem 1, both of which are two-radii theorems. Observe also that the
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hypothesis of the noninvariant theorem for ¢ = 0 is in some sense close to that of
the invariant theorem, although they are formally different. Furthermore, both
results have the same critical set of radii.

For general curves, the best known result for the above invariant problem,

which was obtained by Berenstein and Shahshahani, is much better than ours:

THEOREM 4 ([BS, p. 125-6]): Let @ CC D be a Lipschitz Jordan domain,
whose boundary T' = 9% is not a real analytic curve. Then, if f € C(D) satisfies
(1.5}, it is holomorphic on D.

The reason that we cannot prove Theorem 2 for nonreal-analytic boundaries of
Lipschitz Jordan domains is rather technical. It depends on the nonavailability of
a strong enough regularity theorem for elliptic systems of differential equations
with boundary conditions. In the invariant case, only an elliptic differential
equation with boundary conditions is involved and there is a deep regularity
result for this type of equations, due to Caffarelli [C], which allows one to prove
Theorem 4.

For a more detailed exposition on Morera problems and related topics we
recommend the recent survey [BCPZ]. Other holomorphy tests which are based
on the Cauchy integral formula (instead of Cauchy’s theorem) can be found in
[CP].

1.3 We also consider mean-value type problems of the same noninvariant nature
as the above Morera problem.

Let D = D(¢,R) cC B. If f is an harmonic function on D then, for every

o € M, f oo is harmonic too, and therefore it has the mean-value property

(1.6) /aD(fOU)(C 2|ng|? (foo)c), for every o € M.

Thus it turns out that the natural mean-value problem here is to study the
converse result: Is it true that every f € C(D) satisfying (1.6) is necessarily
harmonic on D?

Observe that when ¢ = 0 the above problem can be stated using an invariant
measure, namely the hyperbolic arc-length measure. In fact, if ¢ = 0, letting
R = tanh(r/2), for r > 0, it is easy to check that condition (1.6) can be rewritten
as

1 ld¢|
(1.7) P /(8D(O.R)) F(Q) T—1CE ~ (f o a)(0), for every 0 € M.
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The solution to the above invariant problem was given by the following two-
radii theorem:

THEOREVN. 5 ([BZ1, Thm. 3]):
(a) Let D = D(0,R), 0 < R < 1. Then there are nonconstant radial real
analytic (so nonharmonic) functions on D satisfying (1.6).
(b) If f € C(D) verifies (1.6) for a family of circles dD(0, R;), j € J, such that

the equations
1+ R? )

have no common solution z € C, except z = 0,1, then f is harmonic on D.

Here P, denotes, as usual, the Legendre function of the first kind P2.

The remarks to Theorem 1 also hold for the above result (replacing holomorphic
by harmonic).

On the other side, the mean-value problem we have stated can not be formu-
lated using an invariant measure if ¢ # 0. In that case we have the following

one-radius mean-value theorem:
THEOREM 6: Let D = D(¢,R) CC D and ¢ # 0. Every function f € C(D)
satisfying (1.6) is harmonic on D.

Observe the similarity of the above result with Theorem 1.a). We can say that
the first one is the harmonic version of the second one.

1.4 Finally, we consider a noncentered or general mean-value problem.
Let P = Pp be the Poisson kernel of the disk D = D(c, R) CC D, that is
R?—|z—¢)?

¢ — 2
Fix a point a € D. If f is an harmonic function on D then so is f o o, for every
o € M, and therefore

Pp(z,() = (z€ D, C€dD).

(1.8) P(a,¢)(f o)) -2@;% = (f oo)(a), for every o € M.
8D

Thus the general mean-value problem is to decide whether every function f €
C(D) satisfying (1.8) has to be harmonic on D.
Note that, when the point @ coincides with the hyperbolic center of D, i.e.,
D(c, R) = 7(D(0,r)), where 7 is the conformal automorphism
z+a

T(z) = 1322 (z € D),
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by making the change of variable ¢ = 7(n) the identity (1.8) can be written as

/aD(o )(foa)(n)%z(foa)(O), for every ¢ € M.

Thus in that case the general mean-value problem is identical to the mean-value
problem at the origin which we discussed in 1.3 and whose solution is given by
Theorem 5.

For the other case we obtain the following one-radius general mean-value the-

orem:

THEOREM 7: Let D = D{c¢,r) CC D and let a € D. Assume that a does not
coincide with the hyperbolic center of D. Then every function f € C(D) which
satisfies (1.8) is harmonic on D.

Observe that Theorem 6 is just the particular case a = ¢ of Theorem 7. So we
will only prove the second theorem and obtain the first one as a corollary.

1.5 The plan of the paper is the following. In the next section the basic
notation and simple technical results required to prove the above stated results
are introduced. Qur circular and general Morera theorems (Theorems 1 and 2)
are proved in Sections 3 and 4, respectively, while the proof of the general mean-
value theorem (Theorem 7) is carried out in Section 5.

The proof of the circular Morera theorem as well as the general mean value
theorem is done, roughly speaking, in the following way. First we show that the
circular Morera problem is really the problem of proving our function is harmonic.
Then the hypothesis is written as a corresponding convolution equation in the
Moébius group M. We associate to that equation a closed ideal of bi-invariant
compactly supported distributions on M, that is, radial compactly supported dis-
tributions on I. Some harmonic analysis on M (basically, the spherical Fourier
transform on M and the spectral synthesis theorem of Schwartz) shows that this
ideal is either the whole space of bi-invariant compactly supported distributions
on M and then our function is harmonic, or otherwise there is some nonharmonic
function satisfying the hypothesis.

The approach in the proof of the general Morera theorem is really different, due
to the impossibility of carrying out explicit computations (as in the preceding case
of circles) for a general curve. After reducing the problem to an harmonic one as
in the circular case, we use a reductio ad absurdum argument. Roughly speaking,
since now the technicalities are much more complicated than in the circular case,
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we prove that, if a function satisfying the hypothesis is not harmonic, a certain
elliptic system of differential equations with boundary conditions in the Jordan
domain we considered has solutions with an adequate regularity. The use of a
regularity result for such a type of systems shows the solutions are really real
analytic, and then so is our curve, which is a contradiction.

We finish the paper with Section 6 , where we discuss some problems related
to the mean-value ones we deal with above, but which can not be attacked with

the methods we use here.

2. Some notation and technical tools

The present section is devoted to introducing some notation and technical tools
we will use in the remaining sections.

Throughout this work we shall mainly follow the notation of {BZ2] and [Hel2],
but, for the sake of completeness and to make easier the reading of the paper,
we summarize that one we will often use in the proofs of the theorems.

2.1 We recall that the hyperbolic disk is the Riemannian manifold of constant
curvature —4 obtained by endowing the unit disk D with its usual manifold
structure and the hyperbolic inner product on its tangent bundle T'(D), which is
defined to be

(X,Y) .
2.1 X, Yy = 0t X,Y € T,(D), z € D),
(2.1) (XY= .(D), =€ D)
where (-, -) denotes the usual Euclidean inner product. Thus the hyperbolic arc
length is given by

d
(2.2) dsh >

"
ds = |dz| being the Euclidean arc length. The corresponding distance, i.e., the
hyperbolic distance, is

1+ p(z,w)

T= p(z.0) (z,w € D),

1
d(z,w) = Elog

where p is the so-called pseudohyperbolic distance:

zZ—=w

(2.3) p(z,w) = (z,w € D).

1 -z

The Euclidean disks which are relatively compact in D coincide with the hyper-
bolic disks (as well as the pseudohyperbolic ones). Namely, the Euclidean disk
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D = D(c,R) CC D coincides with the pseudohyperbolic disk A(co,7) = {2 €
D: p(z,c0) < 7}, where the pseudohyperbolic center ¢g € D and pseudohyper-
bolic radius 0 < r < 1 are related with the corresponding Euclidean ones by the
identities

1— 2 1— 2
(2.4) c r ol

= —1—T2|Co|2 co and R= ——————l_r2|co|2r
(see [G, p. 3)).

The positive measure and the Laplace-Beltrami operator, i.e., hyperbolic mea-
sure and hyperbolic Laplacian, respectively, associated to the hyperbolic metric

are given by
(2.5) du(z) = m dm(z)
and Ay = (1 —|z|?)2A, respectively, where m and A are the Lebesgue measure
and the Euclidean Laplacian on C, respectively.

The hyperbolic metric is invariant under the action of M, and so are all the
above concepts derived from it.

2.2 By means of the standard identification of Mébius mappings with 2 x 2-
matrices, the Mobius group M is identified with the classical Lie group

SU(1,1) = {( % g ) ta,b€C, |a? - |b* = 1} (modulo +1d).

Thus M is a transitive Lie transformation group of the real analytic manifold
D (for the definition of transformation group and related concepts see [Hell, Ch.
11, §3)).

Using the usual group conventions e will denote the identity mapping on D,
and sometimes the composition g o h, for g, h € M, will be simply written as gh.

The subgroup K of M which leaves the origin fixed is the group of all rota-

tions around the origin, i.e., using the above identification X corresponds to the

som:{(ﬁ 2):(16@, |a|:1}

of SU(1,1). It turns out that the set M/K of left cosets gK (with the quotient

topology) carries a natural real analytic manifold structure such that the mapping

compact subgroup

M/K — D
gk +— g(0)
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is a real analytic diffeomorphism (see [Hell, Ch. II, §4]). Thus D will be consid-
ered as the homogeneous space M /K using the above identification. We finally
recall that (M, K) is a Riemannian symmetric pair (see [Hell, p. 209] for the
definition) and, in particular, the hyperbolic disk D and the homogeneous space
M/K can also be identified as Riemannian globally symmetric spaces (see [Hell,
Ch. 1V, §3]). In fact, an involutive automorphism on M satisfying the conditions

of the definition of symmetric pair in this case is
89 =kgk™  (geM),

where k(z) =iz, z € D.

2.3 Let 7 denote the canonical projection (or quotient mapping) from M onto
M/K 2D, ie., n(g) = g(0), for every g € M.

We identify locally integrable functions with distributions on D by means of
the hyperbolic measure dy given by (2.5), which is invariant under the action of
M. The lifting of du by = is a left- and right-invariant Haar measure, usually
denoted by dg, on M, i.e.,

/ o(z) du(z) = / (pom(g)dg (¢ € D(D)).
D M

We use that measure dg to identify locally integrable functions with distributions
on M.

We denote by dk the normalized Haar measure on K, i.e., for ¢ € C(K) we
have

2% 46 o
plk)dk = plky) —, where kg(2) = e*z.
X 0

27

Let 6 be the compactly supported Radon measure on M defined by
(6, 9) = /}C p(k)dk (¢ € C(M)).

A function ¢ on M is right-invariant (under K) if ¢(gk) = ¢(g), for every
kek.
A distribution T on M is right-invariant (under K) when

(T, @) = (T, g~ ¢(gk)),  for every k € K.

Left-invariant (under X) functions or distributions are defined in a similar
way. The term “bi-invariant” means left- and right-invariant (under ). The
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subscript “0” will be used to denote bi-invariance, for example, £5(M) is the
space of compactly supported bi-invariant distributions on M.

If ¢ is a right-invariant (left-invariant) function on M then the function ¢,
defined by

@(9):=v(g™") (geM),

is left-invariant (respectively, right-invariant).
If T is a right-invariant (left-invariant) distribution on M then the distribution
T, defined by
<T’ p) = (T, ¢) (pe€ D(M))’

is left-invariant (resp., right-invariant).
2.4 The convolution of two nice functions ¢ and 3 on M is defined by

(0 *¥)(9) = /M olgh™Yyp(hydh (g€ M),

The bi-invariance of the Haar measure of M implies that

(o *¥)(g) = /M ohye(h g dh (g€ M).

Then the notion of convolution is extended to distributions on M in the usual
way.

If T and S are distributions on M, one of them with compact support, then
T % S is left-invariant (right-invariant) when T (resp., S) is. Thus £{(M) is a
topological convolution algebra.

Given any nice function ¢ on M we can consider the function ¢, on D which

is determined by

Pr 0T = @ x*Ok.

The operator -, sends the usual spaces of functions on M (L}, (M), E(M),
D(M),...) onto the corresponding spaces on D. Then any T € D'(D) lifts to a
right-invariant distribution T on M given by

(T.o)=(T,ox) (¢ €DD)).

If T has compact support so does T.
The lifting of A, to M is the differential operator Ay, on M defined by

App = (Anpr)om  (p€EM)).
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If we consider a function ¢ on D as a distribution, then we have that
g=pom and (D) = o

Moreover, any distribution 7" on M determines a distribution T, on D which
is defined by

(T, ) :=(T,¢)  (pcDD)).

The operator ~ establishes a bijection from the usual spaces of distributions
(functions) on I onto the corresponding spaces of right-invariant distributions

(resp., functions) on M, and - is just the inverse operator.

3. Proof of the circular Morera theorem

3.1 First we reduce our “holomorphic” problem to an “harmonic” one.

LEMMA 1: If f is an harmonic function on D that verifies (1.2) then f is holo-

morphic on D.

Proof: If f is harmonic on D then so is fz = 8f/0%Z. Therefore it satisfies the

mean-value property and so, by Stokes’ theorem, we have

1 1
FO= [ gleri)dedy= o [ jyas=o,
(©) TR? Jp(c,R) ( ) itR? Jap(e,R)

The last identity is (1.2), ¢ being the identity mapping on D. But if f verifies
(1.2) then so does f o o, for every 0 € M. Hence
foo —
0= 2020 0) = fetote)) - o7,
z
s0, since o’(c) # 0, fz(a(c)) = 0, for every o € M.
In conclusion, fz = 0, i.e., f is holomorphic on D, because M acts transitively
on .

Thus, by lemma 1, we only have to study whether (1.2) implies f is harmonic
on D.

3.2 For computational reasons that will become apparent later, it is convenient
to write condition (1.2) in terms of line integrals over a circle centered at the
origin. To do this we recall that the Euclidean disk D = D(c, R) CC D coincides
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with the pseudohyperbolic disk A(cg, ), where ¢ and r are related with ¢ and
R by the formulas (2.4). Then the automorphisr: of D

B zZ—0Cp
(3.1) oo(z) = 1 %0

maps 8D = 8A(eg,r) onto 8A(0,7) = dD(0,r), so by making the change of
variables ( = og(z) we obtain that

(foo 000)(z)dz = / (fo0)(0)

8D iCl=r (1+720¢)

Therefore (1.2) can be written in the following equivalent form:

d
(3.2) /|<|=r(f 00)(¢) F‘#C)z =0, for every ¢ € M.

Now observe that (3.2) can be rewritten as the following convolution equation in
the Mobius group M (see [BZ2, pp. 598-9] where a similar case is treated):

e

(3.3) f*T =0,

T = Tsp being the compactly supported Radon measure on I defined by

p(@) _d¢
Te = —_ —— € C(D)).
i /,q:r Trae? 2mir P SO0
Observe that Ty = 0 for every holomorphic function ¢ on D, and, in particular,

T vanishes on the constant functions.
3.3 Recall that the (hyperbolic) derivatives —g—:%% of the Dirac delta measure
at the origin 6y are given by

63’+k§0

gtk .
o A= (0t (N0 ey,

(34) { 021 9%*

The corresponding Euclidean derivatives D; 8o are defined to be
itk
02197*

In order to study whether (3.3) implies that f is harmonic, consider the closed

(Djkbo, @) = (~1)** 0)  (pe&(D)).

convolution ideal Z in £)(M) generated by all the distributions of the form T' *
(Djkb0) , j,k >0, and observe that

(3.5) f*xR=0, for every Re T.
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Let us remark that in the definition of 7 we can replace the Euclidean deriva-

tives D; 8o by the hyperbolic derivatives 2% In fact, it is easy to prove the

a ] a"c
following formula:

aj+k60 mi“{j|k} ] k
3.6 —— = O+ 1) _ebo,
(36) 92107 IZ:; DG gy Dt

which shows that the two linear subspaces of £'(D) spanned by the families
{5%%}]@20 and {D; xdo}; k>0, respectively, coincide.

3.4 Now we recall the concept of spherical function and spherical Fourier trans-
form in M/K 2 D.

A spherical function on M/K is any eigenfunction ¢ € C§°(M) of A, such
that ¢(e) = 1. That is, the spherical functions on M/K are the liftings to M
of the radial eigenfunctions ¢ of the hyperbolic Laplacian A, normalized by
©(0) = 1. Equivalently, ¢ € Co(M) is a spherical function on M/K if it satisfies

the functional equation:

/K olgkh)dk = o(g)p(h)  (9:h€ M)

(see [Hel2, pp. 399-400]).
For every A € C there is only one spherical function ¢y such that Ahgo,\ =
—(1 + A%)py, which is given by (see either [BZ2, (6.2)] or [Hel2, p. 40])

14dx 1—3)X [w]? >
T =F ) ;1;—
(2 )= (w) ( 2 2 1—|w]?

where F(a,b;c; 2) represents, as usual, the classical hypergeometric function.
The spherical Fourier transform of i € Do(M) is defined by

(w € D),

V= [ Hoer = @l (D),
and the spherical Fourier transform of S € £{(M) is defined to be
(FSYN) =(S*pr)le) (AeC).

By the theorem of Paley-Wiener-Schwartz, F is an algebra isomorphism be-
tween the convolution algebra £5(M) and the multiplication algebra E' of all
even entire functions (of one complex variable) of exponential type which have
polynomial growth on R. The topology of E' is defined in such a way that F is
a topological isomorphism (see [BZ2, pp. 606-608]).
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As we will show later, the proof that the harmonicity of f is implied by (3.3)
strongly depends on the fact that +¢ are the only common zeros of the functions
in the closed ideal I = F(Z) of E'.

It is easy to show that +¢ are common zeros of the functions in /. In fact, if
S € &£'(D) then

(3.7) FT«HN=T(Gxenn)  (A€O),
where

(3:8) (Sxpa)a(z) =S [c = (@2) ( f__é)]
and

2—C\ 1400 1—id |z —(]?
(3.9) (‘p*)”<1_fz)—F< 2 ' 2 ’1’(1~IZI2)(1—1C|2))'
Therefore ¢
.
wade (£5) =1 (acem),

50 (8 % 1i)x is a constant function, and hence F (T * S)(+i) = 0, for every

S € &'(D). Finally, since convergence in E' implies pointwise convergence, it
follows that +i are common zeros of all the functions in I.

In order to study whether the functions in I have other common zeros, in the
next subsections we will find a simple family of generators of /.

3.5 First we are going to show that the derivatives which appear in the defini-
tion of Z can be replaced by powers of the hyperbolic Laplacian composed with
derivatives with respect to either z or Z.

LEMMA 2: For every 7,k > 0, the distribution E% is a linear combination of
the distributions
oné
) a4 (5R)  Ose<minGio0sn<i-g
and
¢ 87160 . .
(3.11) Ay T (0 <f<min{jk}, 0<n<k-19).
z

Taking into account (3.4) and the identities

(AL (82) ) = (-1)"2% (Aby) (0)

4
(
3.12 " ;
(312) (af (52),0) = (-1)"&= (ake) (0)

(v € £(D)),
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it is clear that Lemma 2 reduces to the following computational lemma whose
proof (which we omit) is done by induction.

LEMMA 3: Let j, k > 1 be integers. For every ¢ € £(D), 3_15"% is an £(D)-linear
combination of the functions

an

Fye (ALp) (1<¢<min{j,k}, 0<n<j-1{)
and o

rra (A%Ly) (1 <Z<min{j,k}, 0<n <k -0,

whose coefficients are functions in £(D) which do not depend on ¢ (they only
depend on j and k).

Conversely, any of the distributions (3.10) or (3.11) are linear combinations
of hyperbolic derivatives of . In fact, taking into account (3.4} and (3.12), we
only have to show that, for every ¢ € £(D) and £ > 0, Ay is an £(D)-linear
combination of derivatives 6‘9——,; ( ﬁﬂ%) (the coefficients being independent
of ¢, only dependent on £). And, once again, this is easily proved by induction.

From the above discussion it follows that I = F(Z) is the closed ideal of E

generated by the functions

hie = f(% * [Aﬁ <%jz‘5]9)]~) (, € > 0)
fie=F (T * [Af (%_‘f)] ) (J,£>0).

3.6 Next we will show that I can be generated using only the derivatives of

and

bo with respect to either z or z, so we get rid of the powers of the hyperbolic
Laplacian.
For every S € £'(D), observe that

ARS* oy = AnS % ox = § % Appxr = —(1 4 A2)(5 * py),

where the second identity follows from [Hel2, Thm. I1.5.5], since Ay is an M-
invariant differential operator on the symmetric space M /K = D. By convolving
on the left side with T we have that

FT «M8)(A) = (1 + 2 FT «5)(\)  (AeC, S e &(D)).



Vol. 86, 1994 MORERA THEOREMS 77

Applying the above formula ¢ times with § = %‘s}l, %ﬁ we obtain that

hie(N) = (=) (1+ N?)* ( ((ZT))
Fre() = (1) (1 + ) ( (awo))

Therefore, it turns out that I is the closed ideal of E' generated by the functions

(22)) w20
and

(3.19) =7 (T (336">) (20,

3.7 Next we will compute explicitly the generators h; and f;, j > 0, of 1.

and

’ﬂh

(3.13) h;=F (

First observe that the hyperbolic derivatives —J‘l and —‘1 coincide with the

Euclidean derivatives D; 8o and Dy ;6o, respectively (see (3.6)). Then, letting

S = %Jf] , %17’5}1 in (3.8) and taking into account (3.9), a straightforward compu-

tation using the Fad di Bruno formula shows that

w9 [(52) e 0= () P (F5)

and

w10 [(5) ] o= (=) P ()

where F'(z) = F ((1+iX)/2,(1 - ))/2;1; 2).
Therefore by (3.7) we have that

jop2m L —i(j-1)8
h., = F r’ r ! / £ - v 1). 49
7 -1)\r2=1/ Jo (1+¢cre?)? 2n

0 . itj=0
B { ~j(Eor) ™ () FO) (£

SIEZES!
j 2 I LG8 g
;= (]) r T / —e—_— a . >
b=t <T2_1> <’"2‘1) o (1+7cre?®)? 2z 0 (42 0).

and
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Hence, considering the functions
2 7 . .
; d’ 1432 112X
3.17) g: — g r = ARE
( ) g](/\) F <T2—1> dZJF< 2 L] 2 ,].,Z)

we have just shown that I is generated by the g;, j > 1, if ¢g # 0, that is, if ¢ # 0

—_r2
=37

(see (2.4)), and it is generated by g; if c = 0.

Finally note that the function g; vanishes at +i with multiplicity exactly equal
to 1, so, in any case, the “common multiplicity” of the common zeros +: in I is
equal to 1. In fact, by [E, p. 102 (20)],

14 )2 34+4d 3—3) r2 14 )2
- F -9 =
4 ( 2 4 2 b) ,7'2—1) G(/\)7

(318) (Y -

and, by [E, p. 101, 2.8(4)], we have that

. 7‘2 9
G(il)=F(1,2,2,:"2—_—1> =1-r">0.

3.8 In this subsection and the next one we are going to study the case ¢ # 0.
In that case, we claim that I has only two generators: gi(A) and (1 + A?)go(A).

First of all, observe that the function (1 + A?)go()) belongs to the ideal I. In
fact, since F satisfies the hypergeometric equation

2
(1 = 2)F"(2) + (1 — 22)F'(z) — 152

F(z)=0 (Rez < 0),

it follows that
4r? 1+r?
(3.19) (1+2%)go(A) = (1——r7)792(/\) — 47—
We finish the proof of the claim by showing that
(3.20) 9;(A) = p; (Vg1 (A) + ¢ (N1 + 3*)go(A),

for every j > 1, where p; and g¢; are polynomials.
We proceed by induction on j. For j = 1, (3.20) is obvious, while for j = 2 it
is just another way of writing (3.19).
Now assume (3.20) holds for j = k — 1,k — 2 (k > 2). We need to know that
F satisfies the ordinary differential equation
(2k —3)% + A2 P2 _
4

(3.21) z(1—2)F® 4 (k—1)(1 - 22)F*~1 — 0
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on the half-plane Re 2z < 0. Observe that (3.21) easily follows since, by [E, p. 102

(20)}, . . .
14 1—12
prag) = (B52)  (35R) g
2 Jweyy\ 2 ) (ko) (K—2)
where Liin -
u(z):F( g +k—2,———2L+k—2;k—1;z),
which satisfies the hypergeometric equation
2k — 3)2 + A%
2(1 - 2)u"(2) + (k= 1){1 - 22)u'(2) — (——%—L— u(z) = 0.

Then, using the induction hypothesis and (3.21), (3.20) follows for j = k with

__,,.4 — 2)2 2 T2
P = (- ) s - BT T )
and
—pd _ 2)\2 2 ,,.2
T e e )

Finally we are going to show that the two generators of I, g;(A) and (1 +
A?)go(A), have no common zeros except +i¢, and thus +i are the only common
zeros of all the functions in I.

In fact, assume that g;(Ao) = (1 + A%)go(Xo) = 0, for some Ag # +i. Then
it is clear that g;(Ao) = go(Xo) = 0, and, by (3.20), it follows that g;(Ao) = 0,
for every j > 0. Taking into account (3.17), this means that the hypergeomet-
ric function F(z) = F ({1 +t)\}/2,(1 —))/2;1; z) and all its derivatives vanish
at z = 72/(r? — 1). Therefore, by analytic continuation, we obtain that F is
identically zero, which is clearly absurd.

3.9 By 3.3 every entire function g()) in I is divisible by 1 + A2, so G(A\) =
g(X)/(1+)?) is an entire function. Thus, by the theorem of Lindeléf-Malgrange~
Ehrenpreis (see either [Ka, p. 135] or (Ko, p. 22]), G()) is an entire function of
exponential type. Moreover, since g(}) is an even function which has polynomial
growth on R, it is clear that G()\) also has these two properties. Therefore

h=1{60 =2 ger)

is a closed ideal in E'.



80 C. BERENSTEIN AND D. PASCUAS Isr. J. Math.

Furthermore, since the “common multiplicity” of the common zeros %¢ in [ is
equal to 1 (see 3.7), the functions in Iy have no common zeros. Therefore, by the
spectral synthesis theorem of Schwartz (see [BZ2, p. 608]), the ideal I, is dense
in E', so, since it is closed, Iy = E'.

Finally, we will show that the identity I = E' implies the harmonicity of any
function f € C(D) satisfying (3.5).

Infact, I = (1+A2)-Jo = (1+A%)-E so1+ A2 €I, and therefore Apéx =
—F=1(1+ A%) € Z. Then (3.5) implies that f * Anéx = 0. But f * Apdc =
Awf % bk, by [Hel2, Thm. IL5.5], and (Anf * b, @) = (Anf, @x), for every
¢ € D(M), since th = &vhf Thus f* Anrbx =0 means that Apf =0, that is,
f is harmonic on D. We have just proved part a) of Theorem 1.

3.10 Now we are going to prove part b) of Theorem 1, so we assume ¢ = 0.
Then we recall that I is generated by g1 (see (3.18)) with r = R, by (2.4).

The first half of part b) follows from the fact that g; has some zero Ay # =i,
and then Ag # +¢ is a common zero of all the functions in 7.

Observe that, since g; vanishes at +¢ with multiplicity equal to 1, we only have
to show that the function G that appears in the factorization (3.18) of gy has
some zero.

Using the Hadamard factorization theorem and [Hol, Thm. IIL.3.1] it is easy
to check that every nonvanishing entire function h of exponential type with poly-
nomial growth on R has the form

h(z) = et@?*F (z €0,

where @ € R and 8 € C. But any nonconstant such function h is not even.
Thus, since our G is a nonconstant even entire function of exponential type with
polynomial growth on R (by the Lindelof-Malgrange-Ehrenpreis theorem), G
must have some zero.

Therefore we have just shown that g; has some zero Ag # +i, so
(3.22) FR(A) =0 (Re1).

We finish the proof of the first half of Theorem 1.b), by showing that (3.22) is
equivalent to

(3.23) oxg * T =0,

which means (recall (3.3)) that the nonconstant radial real analytic function
f = (x, )= on D satisfies (1.2).
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In fact, since ¢, is a real analytic function on M, so are gy, *f’ and (@, *’:l:" Y,
and therefore ¥ = [(¢x, * T) ]« is a real analytic function on D. Hence, by
analytic continuation, (3.23) is equivalent to the vanishing of all the derivatives
of ¢ at the origin, which is just the meaning of (3.22) because

F (CT“ * (Dj kbo) ) (do) = [(%0 * T) Dj kbo) ]

= <(Dj,k<50)~ ; (wo 17“) >
L OF TRy
—1)7+tF———(0).
(=1) 027 3E’°( )
3.11 The remaining part of Theorem 1.b) is proved by following the ideas in

the proof of part a).

For every j € J, let Z; be the ideal associated to the distribution T; = Tpp(o,r;)
as defined in 3.3. Consider now the closed ideal 7 in £y(M) generated by U;esZ;.
Then the fact that f € C(D) satisfies (1.2), for every j € J, implies that (3.5)
holds. Recall that the “common multiplicity” of the common zeroes %i of the
functions in I = F(I) is equal to 1, since this is true for every I; = F(Z;) (see
3.7). Therefore, as we proved in 3.9, if the functions in I have no common zeros
except i, the function f is harmonic. Conversely (see 3.10), if A € C, X # +i,
is a common zero of the functions in I then (), is a nonconstant radial real
analytic function on D which satisfies (1.2).

Hence to finish the proof of the theorem we only have to show that the absence
of common zeros of the functions in I, different from =i, is equivalent to the
absence of common solutions of the equations (1.3).

In fact, recall that we have proved that the closed ideal I; is generated by the
function

1+ A2
910 = ——F®)  (Ae€Q),
where ,
3+1iX 33— ’L/\ Rj

So I is generated by the functions g; ;, j € J, and, since Fj(ii) # 0, the common
zeros different from +i of the functions in I are just the common zeros of the
functions Fj, j € J.

But, by [E, p. 140, 3.2(7); p. 148, 3.6(1)], we have that

L
P;1<x>:§(x2-1>%z=(3§“,3 2 2“’)

(z > 1),
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where z = _—léﬂ"\-, A € C. Then it follows that F;(A) = 0 for every j € J if and

only if z is a common solution of (1.3). The proof of Theorem 1 is complete.

4. Proof of the general Morera theorem

Our next goal is to prove Theorem 2. We will try to imitate the approach
followed in the circular case. So the steps which also work in the general case
with the same proof will be only sketchily mentioned, and we will concentrate
our attention on the new steps or those that require new proofs.

4.1 We would like to point out that, as in the circular case, the method of
proof we are going to use can only determine whether a function is harmonic, or
more generally, satisfies M-invariant differential equations. For that reason, the

following lemma is essential in the proof of Theorem 2.

LEMMA 4: If f is an harmonic function on D that satisfies (1.4) then f is
holomorphic on D.

Proof: 1If f is harmonic on D then Re f, Im f are real-valued harmonic functions
on D, and therefore they are the real parts of some holomorphic functions on D,

say

respectively. So

(2) = g(2) *2‘9(2:) 4 h(z)-;- (2) _ z 2" + Zdn;;" = fi(2) + f2(2),

n=0 n=1
where
n + b Tn + b
co = Reap + iRe by, cn=a——12_—, n=—% (n>1),

and these series are uniformly convergent on the compact subsets of . In par-
ticular, f; is holomorphic on D and f; is anti-holomorphic on D and f5(0) = 0.
Therefore f is holomorphic on D if and only if f» = 0.

By hypothesis, we know that, for every o € M,

/F(foa)dz
= /r‘(floo)d2+/(f200)dz

0

r
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= /r(f200)dz
S ()"

and this series converges absolutely. (Note that the third of the above identities

follows from Cauchy’s theorem and the holomorphy of f; 0 o.)
For the rotation o(z2) = e~z ( € R), we have

oS ([ ),
n=1 r

the convergence of the series being absolutely and uniformly in # € R. Therefore

0=d; (/Edz) =d1/d2/\dz=2id1/ dz dy = 2id, area (2),
T Q Q

where the second identity follows from Stokes theorem. Since obviously Q has
positive area we obtain that 0 = d; = 8f2/8%(0). Then the last argument in the
proof of Lemma 1 (applied to f; instead of f) shows that df3/8%Z = 0, and that
means f; is constant (recall that fs is anti-holomorphic.) Finally, since f2(0) = 0,
we conclude that fo = 0, i.e., f is holomorphic.

4.2 Next we rewrite (1.4) as the convolution equation (3.3), where now T = Tt
is the compactly supported Radon measure defined by

(4.1) Ty = /F PO (peCD).

Then the closed convolution ideal Z in £y(M) generated by all the bi-invariant
distributions T * S, where S runs through £’(D), satisfies (3.5).

4.3 We cannot continue following the “circular” approach due to the impossi-
bility of computing explicitly the spherical Fourier transforms of (even simple)
distributions in Z, and then studying their common zeros. So in order to com-
plete the proof of Theorem 2 we will follow a more indirect path which is inspired
by the one followed by Berenstein and Shahshahani in {BS] while working on the
Pompeiu problem.

Since T obviously vanishes on the holomorphic functions, the computations
made in the circular case {see 3.4) show that every function in the closed multi-
plication ideal I = F(Z) of E' vanishes at +i. By 3.9 we know that if the only

common zeros of the functions in that ideal I are &4, and their multiplicities for
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at least one of such functions are equal to 1, then f is an harmonic function on
D. Thus, if we assume that f is not harmonic, we obtain that either there is
some common zero Ag € C~{=%i} of all the functions in I, or every function in J
vanishes at +i with multiplicity greater than or equal to 2. In the next subsection
we will see that the last possibility does not happen, and, moreover, the above

common zero Ag # i cannot be arbitrary.
4.4 For every A € C, let Py be the following complex power of the classical
Poisson kernel on D:

1442
2

Y
Pa(z,€) = <|1z —Ici2) (z €D, ¢ € D).

We recall that the function Py (-, ) is an eigenfunction of the hyperbolic Laplacian

(see [Hel2, p. 32, Lemma 4.1]), namely:
(4.2) ARPA( Q) = —(1+ A1)Pa(-, (), for every ¢ € 9D.

We also recall that a point A € C is called simple if the mapping g € L?(8D) —
g* € C>(D) given by

6*(2) = /8 Py 0a(0) I

is one-to-one.

It is known that the nonsimple points are the complex points ¢(1 + 2k), for
k € Z% (see [Hel, p. 46, Prop. 4.8].) o

We are going to show that the function h = F(T (%‘iﬁ)) € I does not vanish
at any nonsimple point A € C, A # 4, and its zeros +¢ have multiplicity equal to
1. Therefore there exists a common zero Ao € C{%i} of all the functions in I,
which necessarily is a simple point.

First observe that, by (4.1) and Stokes’ theorem,

(4.3) Ty = 22'/Q %;e(x + iy) dx dy (¢ € E(DY)).

Now note that (3.7), (3.8) and (3.9) hold, so by differentiating (3.16) we obtain

a 5\5/ -1 / 1
o ((6—) *”),‘z) Sy O Ol
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Thus, by (3.7) and (4.3),

2 2 2 2 dr
o T L ) T
= [ (][ () e ()] ) o
2m
. , r T " r dr
= - F
L ) () e o
where 0
W = {0<r<l:ire?’ €}
. 0<8<2n).
Q = {0<r<liyref e} (056 < 2m)

By making the change of variable z = r/{r — 1) we have

27
h(/\):—i/ {/

0 Qy
gz{x<0:1/xilei069} (0 <6< 2m).

Now, by [E, p. 58 (7)],

12 . .
F'(z) + zF"(z) = %(zF'(z)) _Xd (:L‘F (321/\,¥;2;x)) .

(F'(z)+ zF"(z)) dx} de,

where

So h(A) = =122 ho(X), where

m d 34403 —iX
ho(/\)—/o {/Qa(”( d ,T,z,x))dx}do (A €O).

Thus it is clear we only have to show that ho(i(1 + 2k)) # 0, for every k € Z7+.
In fact, for k € Z* we have

27
(4.4)  ho(i(1+42k)) = / / 4 (zF(1—-k,2+4 k;2;z)) dz » db,
o ﬂlﬂl dz
and we are going to prove the above assertion by showing that the derivative
in (4.4) is positive.
For k = 0 that derivative is

d%(wu,z;z;x)): é (1 fx) - (l_lx)g >0 (z<0).

(The first identity follows by analytic continuation since the corresponding hy-
pergeometric series coincides with the geometric series.)
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For k > 1 the hypergeometric series of F(1—k,2+k;2; z) terminates and again
by analytic continuation it turns out that, for z < 0,

d S (1 -k)n@+ k) .
E(xF(l—k,2+k;2;m)) = g%(n+l)x
k-1

_ =0(k;1><k+z+1>(_x)n

>

o3

bl

which completes the proof of the assertion.
4.5 The Helgason Fourier transform of a compactly supported function
¢ € L1(D) is given by

Fer Q) = [ P Op(2)duz) (e € ¢ e o)
The Helgason Fourier transform of R € £'(D) is defined by
FR(A Q) =(R,P-x(+()) (AeC (D).
We are going to prove that
(4.5) FT(xA,¢() =0, for every ¢ € OD.

In 3.10 we have shown that A9 being a common zero of all the functions in I
is equivalent to (3.23). But

(e2+T) @= [oela™@Ndz (e M reC)

and taking into account the formula
(P2)e6™ ) = [ Poa(6(01,0Pa(2,0) G
)
(see [Hel2, p. 45 (35)]) we obtain that
(exxT) (@)= [ Poalg(0).OFT(-X. 0l
oD
Therefore (3.23) means that

/ P-x (Z, ¢) FT(—Xo,¢)[d¢| =0, for every z € D.
)
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Hence, since FT(+Mg, ) € C°°(9D) and, since by 4.4, the points £Aq are simple,
it follows that (4.5) holds.

4.6 Now we are going to show that (4.5) implies there exists a solution S €
E'(D) to the equation
(4.6) ARS —aS=T,

where o = —1 — A2,

Recall that there is an isomorphism ~ from the space Diff (D} of M-invariant
differential operators on I onto the space of even polynomials in one complex
variable such that

L(PA(-,¢) =vL)EA)PA(C) (2 €D, (€ 0D),

for every L € Diff(D) (see [Held, pp. 10,94].)

Let Lo = Ap + 1+ A2, Then by (4.2) it is clear that y(Lo)(iA) = =22 + A2,
which only vanishes at A = £Ag. From (4.5) it follows that FT(X, ()/v(Lo)(i\)
is an entire function, for every ¢ € 9. Thus we can apply the Helgason division
theorem [Hel3, Thm. 8.5] to obtain the existence of a distribution S € £'(D)
such that LS = T, that is, S satisfies (4.6), with @ = —1 — AZ. Note that a # 0,
since Ag # =*t.

4.7 The next step consists of showing that any solution S € £(D) to the
equation (4.6) must be a compactly supported continuous function u on I, whose
modulus of continuity

w(z,8) =sup{ |u(z') —u(2)]: 2" €D, |2 —z| <6} (:€D, 0<6)

satisfies the following uniform growth condition on I':

(4.7 sg;lzw(z,é) =0 <6log %) , as 6 \, 0.

(In the course of the proof we will show that a solution S € £'(D) to (4.6) is in
fact unique.)

In order to do that, we need to write S in an adequate way.
First of all, we find a fundamental solution N, on D of A, — q, that is, N, is
a locally integrable function on D such that

(4.8) AhNa - CzNa = 60.



88 C. BERENSTEIN AND D. PASCUAS Isr. J. Math.

As in the classical Euclidean case, the natural candidates for N, are the radial
solutions u to the equation Apu = au. Taking into account the expression of the
hyperbolic Laplacian in geodesic polar coordinates z = (tanhr)e®:

92 ] 1 82
Ap = —= +2coth(2r) — 4+ 4——— —
h= 55+ 2eoth(2r) o e

(see [Hel2, p. 38(17)]), it is easy to obtain that the general form of those solutions
is:

(4.9) u(z) = A- P,(cosh(2r)) + B - Q,(cosh(2r)) (A,B € Q),

where a = v(v+1) and P,, Q, are the Legendre functions of degree v of the first
and second kinds, respectively. (See [T, p. 269] where this proccess is carried
out for the hyperbolic upper half-plane.)

Since a = ~1 — A%, v must be (—1+ )\g)/2. For convenience, and without loss
of generality, we may assume Re Ao > 0 and then take v = (Ao — 1)/2, so that
Rev > —%.

But P,(cosh(2r)) is a C* function on D (see [L, p. 167]), so the only candidates
for N, are obtained by setting A = 0 in (4.9). Then u is a locally integrable
function on I because its singularity at the origin is logarithmic. In fact, we have
the estimate
(4.10) Q. {coshz) ~ —log(l — e™%) (z \\ 0),

which holds for Rev > —1 (see [E, 3.9 (7)]) and so for our selection of v.

Now taking into account that

1
—— @\

(see [E, 3.6(5), 3.9(9)]), a standard argument based on the second Green’s formula
shows that

2 2

(4.11) Q.(z) ~

is the fundamental solution we are searching for.
Lifting (4.8) from D to M we obtain:

Zihﬁa - aﬁa = 616‘

Then, since L = A, —a is an M-invariant differential operator on the symmetric
space M/K 2 D, by [Hel2, Thm. II.5.5] we have that

’f*ﬁa:(Lg)*ﬁa=§*(LNa):S*6K=S,
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where L = Zh ~ a. Therefore
§ = (T % No)x

is the only solution in £'(D) to the equation (4.6). From this expression it is easy
to see that S coincides with the locally integrable function

(4.13) u(z) = / Gol(z,w) dw for a.e. z € D,
r
where
z—w
(4.14) Guo(z,w) = N, <1—Ez) (z,w €D, z # w)

is the Green’s function of Ay — a.

Finally, we are going to show that the integral in (4.13) defines a continuous
function on D (which we continue calling u). In fact, observe that the above
integral defines a C*° function on D> I'. Moreover the integral also makes sense
for z € T because the singularity of G,(z,) at w = z is logarithmic. Namely, we
have that
(4.15) Go(z,w) ~ él; log p(z, w), as p(z,w) \, 0,

where p is the pseudohyperbolic distance (see (2.3)). (The above estimate directly
follows from (4.14), (4.12) and (4.10).)

Thus the integral in (4.13) defines u everywhere on D and u is C™ on DN T,
so we only have to show that it satisfies (4.7).

Since I' CC D, in order to prove (4.7) we can replace in the definition of w(z, §)
the Euclidean distance |2’ — z| by the pseudohyperbolic distance p(z’, z). In fact,
if K is a compact subset of D, we have that

(4.16) p(2',2) ~ 12" - 2| (7, z € K).

Let zo € I and z; € D such that 0 < p(21,20) < & < 3. Then

lu(z1) —ulz)] < / +/ |Ga(z1, w) = Galz0,w)| |dw]
I'NA2s(20) '™ Ajg{zo)
= J+J.

We are going to show that both J and J’ are O(61log(1/6)), as 6 \, 0.
We estimate J in the following way:

J< / G (20, 0)] |du] + / (G2, )| [dwo] = Jy + .
PnA26(Zo) I‘ﬁA'zs(Zo)
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Using equation (4.15) we conclude that

1 1
Jip = / log dw 0<bd<).
! I'MAgs(z0) p(Z(),'U)) | | ( 4)

Obtaining a similar estimate for J; is a little more complicate. Note that
Ags(20) C Ags(z1). Let wy € T’ be such that p(2z1,w1) = p(z1,['). Then we have
I'NAgs(z1) CTNAgs(wy) and  p(w,wr) < 2 p(w, z1), for every w € T'NAgs(21).
Therefore

1 1
J2-_</ log ———|dw|, 0<éd< o)
INALs(wr) p(w,wr) [du] ( 6)
Thus in order to complete the estimate of J we only have to prove that
(4.17) / log ! |dw| < ¢510gl
. TNAs(z) p(w’ Z) - LN

for 6 > 0 small and z € I.

Since § is a Lipschitz Jordan domain, the arc length distance between two
points w and z in T, i.e., the smallest length of the two arcs in I joining w and
2, is comparable to their Euclidean distance |w — z|. The above fact and (4.16)
imply that there are constants C > 0 and ¢ > 1 such that, for § > 0 small enough

and for every z € I', we have

1 @1 1

/ 10g——|dw|§C/ log=dt <cCé log=.
'NAs(z) p('U), Z) 0 t 6

Now we want to obtain the estimate for J'.

Taking into account (4.11) it is easy to check that, given 0 < py < 1, we have

that
9G,,

1 G,
0z (z,w)’ ~ p(z,w) —l 0z (,.,w)l,
for z,w € D, p(z,w) < po.
Moreover,
p(z0, w) < 2p(z, w), for every w € ' Aggs,(20) and z € As(20).

Therefore, by the mean-value theorem and (4.16) we obtain

Ga(1,0) = Galz0,w)] < B2 () € TN Agg(20).
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This estimate and the fact that arc length distance and Euclidean distance are
comparable on " show that there are constants C, ¢ > 0 such that for small 6 > 0
we have that

Nl

1
J'<cC (/ %ds) - p(21,20) < C’~6log5,
cb

where ¢ is the length of T' and C' > 0 is a constant that only depends on ¢, C
and ¢. Hence we have just proved the estimate for J’, and we have finished the
proof of (4.7).

Finally note that the continuous function u is compactly supported in D be-
cause the distribution S is.

4.8 We have just seen in 4.7 that there is a compactly supported continuous

function v on D satisfying
(4.18) Apu—au =T, in the sense of distributions.
Since T is supported on T, (4.18) implies that

Apu—au =0, on DT

Therefore u is real analytic on D~ T', because the differential operator A, —
is elliptic. But » has compact support in D, Q is relatively compact in I and
D Q is connected, so, by analytic continuation, we have that u = 0 on D Q.
The continuity of u shows that alsou=0on T, ie.,u=0on D~ .

4.9 The next step consists of showing that the constant « is real and, in fact,
a<0.

Observe that T belongs to the Sobolev space H_; = H_;(C) (here we use the
notation of [F, Ch. 6]). In fact, (4.3) and the Schwarz inequality show that

| S ama)| < 2vm 90
Q <

(T, ¢)| =2 e (¢ € D(T)).

L*C)

Thus T € H_, C H‘_"f(lﬂ)), and, since Ap — « is a second order elliptic op-
erator, it follows from (4.18)}, by the local regularity theorem [F, (6.30)], that
u € H°°(D), which means that u and all its first order (Euclidean) partial
derivatives (in the sense of (Euclidean) distributions) are locally square inte-
grable functions on D.

The fact that a is negative is a consequence of the identity

(4.19) a/ |u|? dp = —/ |Viul? du,
o) Q
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which we shall now prove, because the above two integrals are finite and positive.
Here |- |, denotes the hyperbolic norm for vectors in the tangent bundle T'(ID)
of D, which by (2.1) is given in terms of the Euclidean norm by the formula

| X1

(4.20) 1X|; = TERE

(X € (D), z € D).

Therefore the hyperbolic gradient V,u and the Eunclidean gradient Vu of u are
related by

(4.21) Viu(z) = (1 - |2)%)*Vu(2).

Thus

/Ithl,%d,uz/ |Vu|? dm.
Q Q

Now, for 6 > 0 small, consider the “approximating” open set
Qs = {z € Q:dist(z,T) > 8}.

(Here “dist” means Euclidean distance.)
Take @ € D(£2) so that 0 < ¢ <1, 9° =1 on Qs and |V®| < C/§, where C
is a positive constant independent of § (see [Hor, Thm. 1.4.2].) Since u € Hi°¢(D)

2 . 81,12
ul“du =1 ul*d
a/ﬂlluéga/nwllu

we have that

and
2, 1 5 2
A|th|hdu—}1\r‘r(1)/nap [Vu|® dm.

But, taking into account that A,u = au on 2, by integration by parts we obtain
that

a/«p6|u|2du = /wéﬂAudm
Q Q

- / (Vu, V(u)) dm
Q

-/ (,05]Vu]2dm—/(Vu,V<p5)ﬂdm.
Q Q

So to complete the proof of {(4.19) we only have to show that

i $udm = 0.
(4.22) }l\r‘r(x) Q(Vu,Vgo Yudm
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Let Q% = 2\ Q5. Then the properties of ¢® and the Schwarz inequality imply
that

IN

/(Vu,ch‘s)ﬂdm‘ / V|- V] - [u] dme
Q Qs

—?—(sgsp |u|) /Q Vel dm
< —66: <SSPIUI) \/area—Té){/Q IVUde}%-

Since u = 0 on I' and the modulus of continuity of « satisfies (4.7} it follows
that there is a constant C’ > 0 such that

lu(z)] < €’ dist (2,T)

IA

1 1
log ~———— < C'§log =
%8 Fist (5,0 = C0loe 5

for every § > 0 small enough and for every z € Q5. Moreover, since T is a

Lipschitz curve, we have that
area (Q°) = 0(6), as § \, 0.

Putting all these observations together, we obtain that

/(W, Vo) @dm = 0 (6% log %) . aséN\0,
Q

from which (4.22) clearly follows.
4.10 Recall that u € C(Q) N C?*(N) and satisfies

{ Apu—au=0 in £,

.23
(4.23) u=0 onT.

Since by hypothesis € is a Jordan domain of class C*, 0 < ¢ < 1, by the
regularity theorem [GT, Thm. 6.19] for elliptic operators, u must be of class C%¢
on . Now we are going to get more boundary conditions on u from the equation
(4.18).

In fact, taking into account (4.18), that u = 0 on D\ and v € C%(Q), by
using the (hyperbolic) second Green’s formula, we obtain, for every ¢ € D(D),
that

/F<P(Z)dz = /QU(Aw—aw)du

Oy du
/s;go(Ahu—au)d,u+/F(u%;—- b—n—h) dsp,

ou
- — dsp,
F‘Panh h

I
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where s;, and n;, denote the hyperbolic arc length of I and the hyperbolic unitary
outer normal to I', respectively. Therefore

(4.24) /Fgo % dsp = — /1" ¢(2)dz (¢ € D(D)).

But (4.20) shows that the relation between the Euclidean unitary outer normal
n to I' and the hyperbolic one is np = (1 — [2|2) - n, which together with (4.21)
implies that

ou g2, Ou

o (1—14 o
And, denoting by s the Euclidean arc length of T, by (2.2) we conclude that

Ou Ou
/Fgoﬁdsh = /Pgo%ds.
Hence (4.24) means that

(4.25) g—Z(F(s)) = -T'(s).

We want to deduce from the preceding identity some boundary conditions on
the partial derivatives of u.

Consider the coordinates z = x1 + ize. Put I'(s) = z1(s) + ix2(s) and v =
v+ iw. Then n(s) = n(I'(s)) = z5(s) — iz (s), and (4.25) can be written as

(Vv,n) = -z} and (Vw,n)= —zx.
2

Since u = 0 on I', we get that Vv and Vw are orthogonal to I'(s) at I'(s), so
they are proportional to n at I'(s). And from the above two identities we deduce
that

Vv=-zi-n and Vw= -2z} n,
ie.,
v _ 10 v _ ’\2
? = TI1T @ = ()%
w _ /1\2 w !
¥z —(x5)%, 3z — T1T2-
In particular, we obtain that
o Ow v Ow
—+—=0 and ——-—-—=1 onT.
8x1 3.1,'2 31'2 3331

4.11 We know that the real and imaginary parts, v and w, of u are C**
functions on Q, because so is u. Rewriting (4.23) in terms of v and w and adding
the boundary conditions we have just obtained, we get that those two real-valued
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functions are solutions to the following system of elliptic equations with boundary

conditions:
Apw—av = 0 in Q
Apw—aw = 0
(4.26) v=w = 0
o 8 _
6_:1 + a—;‘; =0 onT
By _Bw .
81‘2 (921

Note that, in order to obtain the first two equations from (4.23), we use the fact
(proved in 4.9) that a is a real constant.

From now on we will use a semicolon and subscripts to denote partial deriva-
tives, e.g., h,; is the partial derivative of h with respect to the 4P variable.

In order to complete the proof of Theorem 2 we will show that we can apply
to (4.26) a regularity theorem for elliptic systems with boundary conditions (see
[KS, Thm. VI.3.3]) which will imply that T' is a real analytic curve.

But this regularity result is stated for flat boundaries. So, first, we are going
to consider, for every point 2° € T, a local change of variables of class C%¢ which
makes I “flat” in a neighborhood of that point, that is, in the new variables I is
just described as a segment of a straight line in a neighborhood of 2°.

Let 2% = 29 + iz € T. By changing the sign of the variables and the order of
the variables and the functions v and w, if it is necessary, we may assume that
v,2(2%) # 0. (Here we are using the last boundary condition of (4.26).)

Consider the following change of variables, the so-called zeroth order hodo-
graph transformation (see [KS, p. 186]):

{y1 = z;— 29
Y2 = v

In fact, the inverse mapping theorem shows it is a local C%¢ change of variables

at 20 since v,2(2%) # 0. (Observe that the y-coordinates of z0 are y; = y, = 0.)
For the same reason, the implicit mapping theorem assures us that the curve
T' is described, in a small neighborhood U of 20, by the equation v(z1,z2) = 0
in the z-coordinates, so it is described by y2 = 0 in the y-coordinates, i.e.,
I'nU = UnN{y = 0}. Therefore, the part of 2 lying in a small neighborhood of
20 is described by one of the equations y2 > 0 or y, < 0.

Note that x2 = ¥(y1, y2), where 9 is a function of class C?* in a neighborhood
of the origin. Then a straightforward and tedious calculation shows that the first
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two equations of (4.26) written in the new variables are:

Py 1 1+93

(427) 0 = Ay )( wg Y2 — wg‘/’;n— 5 1/)22) — oy

2
(4.28) 0 = A(y) (W;n 2%%“/124‘ ;:{) W22>

1+ o2
+A(y) ( z; P12 — d)lz Y11~ %}- ¢;22) Wo—aW,

where A(y) = (1 — (v +29)2—9?%)2 and W (y) = w(y; + 29, ¥ (y)), which also is a
function of class C%*. The above equations (in ¢ and W) hold in the intersection
of a small neighborhood U of 2° with .

The boundary conditions of (4.26) in the new coordinates are:

(4.29) W =0
(4.30) Wo = ta
1+¢2
W, = -1,
a 1/)2

and they hold on U N {y. = 0}.

Observe that the four equations (4.27)—(4.30) do not change formally when
you change the sign of both variables. Since from now on we only will use
those equations, it follows that we may assume the part of  lying in a small
neighborhood U of 2% is U N {ya > 0}, i.e., QNU = U N {y > 0}.

Thus we can check the hypothesis of the regularity theorem [KS, Thm. VI.3.3]
for that system of elliptic equations with boundary conditions.

Since the system (4.27)8:(4.28) is clearly nonlinear, we have to compute first
the linearization or variational equations (see [KS, p. 192]} of that system and
the boundary conditions (4.29)&(4.30):

YW (y)
YW (y)

0 inUNn{y>0}j=12
0 onUN{y, =0}, j=1,2

Li1(y, D)P(y) + Li2(y,

Bj1(y, DYd(y) + Bja(y,

D
D
Here we are following the notation and definitions of [KS, pp. 190-2].

Due to [KS, Thm. VIL.3.5], we only have to check the ellipticity and coercivity

(with respect to some weights) of the above system of variational equations at

the origin.
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It turns out that the order of Lyi, Lg; and Lgg is 2, while Lis = 0. Thus
we pick the obvious choice of weights: s; = so = 0 and ¢; = t2 = 2. Then the

“principal symbols” (with respect to those weights) of the L;z’s are:

Lil(yag) = P(y’é)a Lllz(yaf) =0,
L’21(y7€) = P(yvf) W;Za LI22(ys 6) = _P(yv§)¢;2a

where

2 2
P(y, ) = i(l ~ (1 +29)% — v?)? ((fl - %&) + (%) ) .

Thus it is clear that the “principal symbol” matrix (L} (y,£)) has rank equal to
2 at the origin, for every £ € R? ~{0}.
Moreover, for every pair of independent vectors £, € R? ~{0} the polynomial

p(z) = det(L},(0,€ + 2n)) = — (P(0,€ + 2n))* 1;2(0),

with real coefficients, does not vanish on the real line, so it has exactly p = 2
roots with positive imaginary part and u = 2 roots with negative imaginary part.
Therefore we have just proved that the system (4.27)&(4.28) is elliptic with
the chosen weights in Q N Y, for some small neighborhood U of the origin.
On the other side, we have that

Byi(y,£) =0 Bia(y,€) =1
Bo1(y,§) = —i&1  Baa(y, &) = is.

Thus we can take the obvious weights r; = —2 and ro = —1, so that the order of
B,,; is less than or equal to ry +1¢; . Then the corresponding “principal symbol”
By, of By; coincides with By, for every h,j = 1,2.

It is clear that s; + t; + s3 + t2 = 2u. Therefore, in order to show that the
boundary conditions (4.29)&(4.30) are coercive for the system (4.27)&(4.28), we
only have to check that the system of equations

L% (0, D)U + Ly(0, D)V 0 inR%,j=1,2
Bi1(0,D)U + Bj3(0,D)V = 0  onyy=0,j=1,2

admits no nontrivial bounded exponential solutions of the form:

(4.31) Uy) = e¥o(ya),  V(y) = e o(y),
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with £ € RN{0}.
In fact, the explicit expression of the above system is:

1+ 92 : .
U;ll + w?z 2 U;22 - 2%:—; U;l2 = 0 m R_%_
1+ ¥
Vi + “ Ve —2-4V4yy = 0  inR2
M Ty T Ay, T +

V(yl’o) = 0
U;l(ylyo)_‘/;'a’(ylvo) = 0’

where all the partial derivatives of ¥ are evaluated at the origin.
If the functions given by (4.31) are solutions to that system then both ¢ and
@ satisfy the homogeneous second order linear differential equation

1+¢;21 ey oWl gy g2 _
K g"(t) 2zw;2£g(t) &g(t) =0,

and the boundary conditions ¢(0) = 0 and ¢'(0) = i€ ©(0).
The general form of the bounded solutions to the above ordinary differential
equation is g(t) = c - €%, c being an arbitrary constant and
el | . ¥a ) vh
a=|—+—+1—>= —-.
( W’;?‘ ¢;2E 1+ w?l

Thus the boundary conditions on ¢ and ¢ imply both functions must vanish

identically.

Therefore we conclude that we may apply the regularity theorem [KS, Thm.
V1.3.3] to the solutions ¢ and W to our system (4.27)-(4.30) to obtain that they
must be real analytic in some neighborhood of the origin. In particular, v is also
real analytic in some small neighborhood of 2°. And, since the equation v = 0
describes T in that neighborhood, we get that, for every 20 € T, I" admits a real
analytic parameterization in some neighborhood of z°. So we conclude that I' is a
real analytic curve, which is a contradiction to our hypothesis. Hence Theorem 2

has been proved.

5. Proof of the general mean-value theorem

The proof of Theorem 7 is carried out along the same lines as that of Theorem 1.
For this reason, we will follow closely that proof, but without making explicit

reference to it every time.
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We only want to emphasize that the main difference between the proofs of the
two theorems, loosely speaking, lies in the spherical Fourier transforms involved,

and the discussion of their common zeroes.

5.1 First we want to write condition (1.8) in terms of integrals over a circle
centered at the origin.

‘We know that the Euclidean disk D = D(e, R) coincides with the pseudohyper-
bolic disk A(cg, ) whose center ¢g € D and radius 0 < r < 1 are given by (2.4).
Thus the automorphism og, defined by (3.1), maps 8D onto 3D(0,r), and by
making the change of variable rn = 0¢({) we obtain the following identity:

61) [ a0 25 = [ Polraamgoas e 5L or every g € )

If we apply the above formula to the function g(¢) = Pp(a, )} (f 0 g0 0g){((), we
obtain that (1.8) is equivalent to

[ Porea, ) Po(a 03 10) (7 00)(r¢) B2L = (£ 00)an), for every €

where ag = op(a) € D(0,r). It is clear that the above identity can be written
as the convolution equation (3.3) in M, where now T' = Typ , is the compactly
supported Radon measure on D given by:

W pa) e cmy.

7o~ [ Po(=reo, () Pola,5 (10 o(r)
Observe that T = 0 for every harmonic function ¢ on D, and, in particular, T
vanishes on the constant functions.

5.2 Let T be the closed (convolution) ideal in £y(G) generated by the distri-
butions of the form T x (Djxb60) , j,k > 0. Let I = F(I) be the corresponding
closed (multiplication) ideal in E'. We know that this closed ideal is generated
by the functions h;, f;, 7 > 0, given by (3.13) and (3.14).

Now let us compute those generators. Taking into account (3.7) and (3.15) it
is clear that

2 J 2 = J
hi: = F@ r r I - F®) ol do
’ <r2—1 r2-1) " lagl2 =1/ \Jaol2 -1/’

ldci

27

I = [ Pol-reo)Pola,oz (RN T
D
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oo(€) \  ld¢]
/BD Pp ( <) ( ) 2nr
5@\’ _ (% d
r T\r /)’

The preceding second and third identities follow from applying formula (5.1)

to the function g = (@o/r)’ and from the harmonicity of that function on D,
respectively.
Therefore

t = a0 {FO (7)) iy = 7 (et ey )

Similarly, using now (3.7) and (3.16), we obtain that

fy = oy {F (rzri D) @y (jap 55 ey |

Hence I is generated by the functions

2 2
g _T | S 1 1 .
= (7)o P (G r) e 020

since ag # 0, because, by hypothesis, a # co.

5.3 We know that, since T' vanishes on the constant functions, +i are common
zeroes of all the functions in I. On the other hand, go vanishes at +¢ with
multiplicity equal to 1. In fact, observe that

g0(A) = [F (zi 1>]j=|ao|2 '

Then, taking into account the formula

F(a,b;c;z) = (1 —2)"°F (a,c—b;c;;i—l) (Rez < 1/2)

(see [E, p. 64 (22)]), we have, for 0 < x < 1, that

F( x ) _ (l—x)‘i"F<1-;h\ I—H)‘,l,x)

z-—1
1492 1+A 1+ix 2 (3 +iA z*
1-x)= +< 5 ) 1-z) 2 Z( )k—l "

k=1
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So go = go1 + go2, Where

) = [1-2F]

and go2 vanishes at 7 with multiplicity greater or equal than 2. But

since |ag| < r. Therefore we conclude gg has a zero with multiplicity equal to 1
at 7 (and then also at —i, since g¢ is an even function). Here it is interesting to
note that all the other generators g;, j > 2, of I vanish at %4 with multiplicity
greater than or equal to 2.

In order to finish the proof of Theorem 7 it is clear that we only have to show
that +¢ are the unique common zeroes of the functions g;, j > 0.

By multiplying equation (3.21) by (1 — 2)*¥~2 and putting z = ¢/(t — 1), 0 <
t < 1, we obtain, for every k > 2, that

_ t _ (k—1)1+1) _ t
(5.2) o(t) = (1—t)’<F(k)(z—1) T (1 =)k P 1)<2_—_1>

G R Y B
4(1 —t)k-2 t—1/)°

Therefore we have that:
1

gk()\) = W (I00,2(I)(7‘2) - 7-2@('00!2))
- 2 _ 2 2
(k l)lfzil-: |ao )gk—l()‘) _ %/\—gk—z()\)
|‘10|2 _ T2 o
k(A),

P2alP(1 - r2)F2

7'2 _ (2’6 - 3)2 + /\2 F(k__2) 7'2
r2—1 4 r2—1/"

Since |ag|] < r it follows that every common zero Ag € C of the functions g,

where

k—1
(5.3) Gr=r—

k > 0, must be also a common zero of the functions G, &£ > 2.
Taking into account (5.2) for ¢ = r?, we get that

2 1 r? r?
= F® — (k= 1)F%-1 .
G 1—r2{1—r2 (r2—1) (k-1) r2-1
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Then the holomorphic function Fy(z) = F(%ﬁ, %ﬂ; 1;2) in Re z < 0 satisfies
Fék)(:vo) =(k-1)(1- r2)Fék—l)(x0), for every k > 2,

where zg = ;{i—l It follows by induction that
(5.4) FF (20) = (k — 1)1 = r2)* 1 F(x0), for every k > 2.

If F{(zo) = 0 the above formula shows that Fék)(xo) = 0, for every k > 2, and,
by analytic continuation, Fp is constantly equal to Fy(0) = 1, and therefore Ao
must be equal to +i.

Assume now Fj(zo) # 0. By (5.3) with k = 3, we have that

A2
= 25200 )Rl (z).

(5.5) Fy' (zo0)

Then by comparing (5.4) and (5.5) we get that A2 = —1, i.e., A\g = +i. Hence
the proof of Theorem 7 is complete.

6. Some related problems

The purpose of this section is to discuss some problems related to those we deal
with in the preceding sections of this article. Roughly speaking, we are going
to consider the versions of the preceding mean-value and general mean-value
problems where the Mobius group M acts on the circle 8D instead of on the
function f.

6.1 Let D = D(c,R) CC D be fixed. Since the relatively compact Euclidean
disks in D coincide with the pseudohyperbolic disks, we know that, for every
o € M, o(D) is a relatively compact Euclidean disk in D, namely, o(D) =
D(cy, Ry} CC D. Thus, if f is an harmonic function on D, it is clear that

(6.1) /(aD)f(C) 2':2 = f(eq), for every ¢ € M.

The problem now is to study whether every continuous function f on D satisfy-
ing (6.1) is harmonic.

It is evident that condition (6.1) can not be rewritten as a convolution equation
on M. So the methods we used in this paper are not applicable to this situation.
Note that the corresponding version of the Morera problem is just equivalent to

the invariant version we discuss in 1.2 (see Theorem 3).
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We can only supply a partial solution to the mean-value problem we have just
stated:

THEOREM 8: If f is a bounded continuous function on D which verifies (6.1)
then f is harmonic on D.

This result is just a particular case of the following theorem of Heath (which
he proved using probabilistic methods):

THEOREM 9 ([Hea, Thm. 2]): Let f be a bounded continuous function on D.
Let 6: D — R be a function such that 0 < §(z) < 1— |z|, for every z € D, ie., 6
is a radius function.

Assume that the radius function § satisfies
(6.2) |6(z) — 8(w)| < k|z — w|, for every z, w € D,

for some constant 0 < k < 1.
Suppose f possesses the restricted mean-value property on circles with respect
to the radius function §, i.e.,

- |d¢]
f(z)= /8D(z,6(z)) f(©) 578(2)’ for every z € D,

Then f is harmonic on D.

(Theorem 9 is the unit disk version of the original Heath result, which holds on
arbitrary proper open subsets of R*, n > 2.)
6.2 We are going to show how Theorem 8 follows from Theorem 9.

Observe that if ¢y and r are the pseudohyperbolic center and radius of D =
D(c, R), respectively, and o € M, then o(D) = A(co(cp), ), and so

1—7r2 1 —|o(co)?

R — d Ry= —————2 — 4)).
Co =TT o (el o(cp) an "= T (o) r (see (2.4))
Since the function

(1) = 2220
L

maps the interval [0,1) onto itself, it is now clear that for every z € D we can
select some o = o, € M such that ¢, = 2. Then if a continuous function f on
D satisfies (6.1), it possesses the restricted mean-value property on circles with
respect to the radius function

1— o, (co)l?
5() = 1_TLTUE"E2?),2 '
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Therefore Theorem 8 will become a particular case of Theorem 9 once we check
our radius function ¢ satisfies condition (6.2).
In fact, for z,w € D, z # w, putting a = 7,(¢cg) and b = 0,,(co), we have that

al — [b12
6(2) = 6(w)| =(1 - 7'2)7" a- lezllal|2)(1lb'_ L2|b|2)

and
e e e
o S e
0=
Thus

|6(2) — 6(w)| |al + 0] 2r
< < .
jz — w]| “rl+r2|al-|b|_1+r2
The last inequality follows from the fact that the middle term of the preceding

chain of inequalities is an increasing function on any of both variables, |a| or |3],
separately. Hence our radius function satisfies (6.2) with k = 2r/(1 + r2), which
obviously satisfies 0 < k < 1, and the proof of Theorem 8 is complete.

6.3 Finally we would like to state a general mean-value problem of a similar
nature to the preceding one. We are going to use the notation introduced in 1.4,
together with the one we employed in 6.1.

Let D = D(¢, R) CC D and a € D be fixed. Then the problem is to decide
whether every continuous function f on I possesing the following general mean-
value property has to be necessarily harmonic:

) o idCl

(6.3) / Po(py(a(a), ) f(¢ = f(o(a)), for every o € M.
o(8D)

Obviously every harmonic function on D satisfies that property. On the other
hand, it is clear that (6.3) cannot be written as a convolution equation in the
group M, so, once again, we can not use the techniques employed in the present
work. Moreover, we ignore whether a “restricted” general mean-value theorem
(playing the same role that Theorem 9 does for the preceding mean-value prob-
lem) holds. Thus we even do not know the solution to that problem in the
particular case of bounded functions.
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